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ABSTRACT

This document describes the results of an evaluation of ephemeris representa-

tions for use onboard the Solar Maximum Mission (SMM) spacecraft. The pro-

posed onboard algorithm involves a truncated Fourier series representation

of the Cartesian components of the position and velocity at evenly spaced grid

intervals followed by a four-point Hermite interpolation using the grid point

coordinates. The numerical accuracy of this ephemeris representation was

determined by comparing the interpolated ephemeris with a high precision

ephemeris computed using the Goddard Trajectory Determination System

(GTDS). Primary evaluation criteria are the onboard computational cost, op-

timization of core requirements in the onboard computer (OBC), and accuracy

of representations.
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SECTION i - INTRODUCTION

The concept of Multimission Modular Spacecraft (MMS) was developed in re-

sponse to an increasing demand for standardization of spacecraft and detailed

mission design. In this concept a spacecraft will use modular, standardized

hardware components and onboard software which will be adaptable to a variety

of missions. Many of these missions require ground based orbit determination

and prediction with subsequem transmission of a 3-4 day span of predicted

ephemeris dam to the spacecraft. This ephemeris dam when used in conjunc-

tion with computational algorithms available in the onboard computer (OBC)

must be sufficient to reconstruct the predicted spacecraft trajectory to within

some specified degree of accuracy. The transmitted data plus the OBC ephem-

eris reconstruction algorithms is referred to as an "ephemeris representa-

tion". Onboard the spacecraft, the ephemeris representation can be used in

real time to compute information required in the attitude and control algo-

rithms, to compute the line-of-sight vector to Tracking and Data Relay Satel-

lites (TDRS), and to annotate the scientific data.

Results from a general investigation of ephemeris representations from MMS

missions are presented in References 1, 2, and 3. In that study the relation-

ship of representation accuracy to OBC core and time requirements and uplink

data transmission requirements was identified. Use of the NASA Standard

Spacecraft Computer-1 _NSSC-1) as the OBC for Landsat-D and the Solar

Maximum Mission (SMM) were given particular attention. Ephemeris repre-

sentations for TDRS type spacecraft were previously evaluated and documented

in Reference 4.

Two constraints, in addition to an accuracy requirement, influence the design

of an ephemeris representation for early MMS missions such as SMM. First,

the size of the ground-to-spacecraft data transmission is limited. Therefore,

a highly accurate ephemeris cannot be simply computed on the ground and
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transmitted to the spacecraft for every time of interest (every 30 seconds at a

minimum). Second, the computational ability of the NSSC-1 is limited. Hence,

a highly accurate analytical (or quadrature) formulation is probably too complex

for onboard computation of the spacecraft position and velocity at the desired

times.

To satisfy both constraints, a compromise between a completely analytical and

a completely numerical ephemeris representation was adopted which is nearly

identical to the Block 5D algorithm (Reference 5). In this approach a simple

analytical approximation to the ephemeris and a file of residuals are computed

on the ground and transmitted to the spacecraft. The residuals are the differ-

ences between accurate ephemeris coordinates and the analytical approximation

at the interpolation grid points. Each residual is constrained to fit in a single

precision OBC word. The analytical approximation acts as a data compression

device which decreases the required data transmission. The OBC algorithm

consists of evaluating the analytical approximation and adding the residuals to

reconstruct the interpolation grid points and interpolating for the times of inter-

est.

Several possible analytic approximations to the ephemeris data were considered

in the previous study and are listed in Table 1-1. From a physical viewpoint,

it is natural to consider an analytic representation of classical orbital elements

because there exists an enormous theoretical background detailing how classi-

cal elements evolve in time due to various gravitational, drag, etc., perturba-

tions. However, the computation time required by the NSSC-1 to convert from

classical to Cartesian elements is relatively large. For missions such as

SMM which require Cartesian elements at the times of interest (e. g., every

30 seconds), the first study indicates that it is advantageous to directly model

the Cartesian coordinates rather than mean or osculating classical elements.

analytic representation consisting of a set of Chebyshev time series polyno-

mials was considered but found to be Inappropriate because the data span of
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3 to 4 days includes 45 revolutions of the SMM spacecraft. Since Cartesian

components of position and velociW exhibit periodicities on the order of the

spacecraft period, Chebyshev time series representation requires too many
1

coefficients to be efficient. Instead, a truncated Fourier-power series was

indicated.

Various interpolators were also studied. A four-point Hermite interpolation

used with a 16-minute interpolation interval was found to yield an interpolation

error below 300 m when compared with the reference ephemeris for SMM-type

orbits.

Thus, the basic result of Reference i is to suggest that a truncated Fourier

series with grid point residuals coupled with a Hermite interpolation scheme

is a good candidate ephemeris representation for SMM.

The current evaluation begins with this concept and concentrates on refinement

of the Cartesian coordinate representation to meet the SMM accuracy require-

ments with minimum data transmission. For the Sun-pointing SMM, mission

requirements are satisfied if the predicted representation is in agreement with

the exact ephemeris to within 7 kilometers. The representation must maintain

this accuracy for a data span of 3 to 4 days. This 7-kilometer accuracy re-

quirement is dictated primarily by the ground-based experimenters. Since

the error in the reference SMM predicted ephemeris has a root-mean-squared

(ms) value of about 5 km over a 3-day span, the ephemeris representation is

constrained to add no more than 2 km rms additional error (Reference 6).

Several variations in the Cartesian coordinate representation were investigated

including: (1) uplink only the Fourier-power series coefficients and evaluate

the series directly to obtain position and velocity at the present times;

(2) uplink only the Fourier power series coefficients, evaluate the series to

1Even breaking the data set into several subintervals would not alleviate the

problem of too many coefficients.
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obtain grid-point values of the position and velocity, and interpolate for position

and velocity at the request times; and (3) uplink Fourier-power series coeffi-

cients and grid-point residuals for the position and velocity, reconstruct the

grid-point coordinates using the Fourier-power series and residuals, and inter-

polate for position and velocity at the request times.

The primary evaluation criteria are

• Interpolation accuracy

• Onboard computational speed and core requirements

• Data transmission requirements from the ground

This required software is coded in FORTRAN. It has also been recoded from

the original FORTRAN version into the assembly language for the NSSC-1. The

present analysis was performed on the IBM S/360-95 computer. Section 2

discusses the mathematical algorithms used in the analysis. Numerical results

of the evaluation are presented in Section 3 and 4 of this document. Graphs of

these results, obtained using the Goddard Trajectory Determination System

(GTDS) Ephemeris Comparison (COMPARE) program, are also presented.

Section 5 summarizes the study, discusses the results in terms of accuracy

and computational times for the NSSC, and suggests areas for future investiga-

tion.

Appendix A presents a copy of the specification for the "SMM Onboard Ephemeris

Computation Algorithm", revised according to the recommendations expressed

in the present document. In Appendix B additional TDRS results are discussed

as an extension of work presented in Reference 4.
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SECTION 2 - EPHEMERIS REPRESENTATION ALGORITHMS

The present study is an extension of the study described in Reference i. The

purpose of this study is to evaluate the accuracy of an ephemeris representa-

tion for SMM consisting of a Hermite four-point interpolator used in conjunction

with a Fourier Series Cartesian coordinate representation of the grid points.

The numerical accuracy of the ephemeris representation was determined by

comparison with a high precision ephemeris fileusing the GTDS COMPARE

program. An overview of the ground support and spacecraft functions is given

in this section. The detailsof the algorithms are presented, and an overview

of the evaluation procedure is described.

2.1 OVERVIEW OF THE EPHEMERIS REPRESENTATION PROCESS

2.1.1 Ground Support Functions

A 3-day fileof Cartesian ephemeris data is generated by a numerical integra-

tion. This data is analyzed to determine the mean orbital frequency and least-

squares fitto the truncated Fourier power series discussed in Section 2.2.2.

An optional step is to compute the coordinate residuals or differences between

the accurate ephemeris and Fourier series. The Fourier coefficients, mean

orbital frequency, reference times, grid spacing and (perhaps) residuals are

to be transmitted to the spacecraft.

2.I.20nboard Functions

The Fourier series are evaluated for _ and r at specified grid point times.

An option at this point is to add the residuals to reconstruct the accurate

ephemeris data. Each time a new grid point value is computed, i.e., about

every 16 minutes, new Hermitean interpolation coefficientsare computed. At

each request time, which is on the order of every 30 seconds for SMM,

Herrnitean interpolation is performed for the position and velocity coordinates.

The Hermitean interpolation formulas are discussed in Section 2.2. i.
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The direct evaluation of the Fourier series at each request time was found to

be too costly computationally I for SMM and hence not considered in detail.

2.2 MATHEMATICAL ALGORITHMS

This section describes the Hermite four-point interpolator and the Fourier

series Cartesian coordinate representation.

2.2. i Hermite Four-Point Interpolator

A Hermite four-point interpolation is used to obtain the value of a position or

velocity component at an arbitrary time, t, within a grid of four equally-spaced

times tI , t2 , tS , t4 . For each position-velocity pair (x, _), interpolation

is performed by the expressions

{
x(t) -x 2 + pig:_2

P 12Yl

_(t) = :_2 + g

(2-1)

(2-2)

where g is the time interval between grid points, and p =I( t -t2)/g ]. This
L. .J

algorithm requires (7j + 10.2 k + 1) multiplications and (Tj + 5k + 1) addi-

tions, where j and k are the number of interpolated position and velocity

components, respectively.

1The estimated cost in the NSSC-1 is 85 milliseconds for evaluation of a

29-term Fourier series, 40 milliseconds for computation of the 4-point

Hermitean interpolation coefficients, and 20 milliseconds for the interpolation

for position and velocity at the request time. Thus, to directly evaluate the

29-term Fourier series every 30 seconds over a 16 minute interval requires

approximately 2700 milliseconds, while the Fourier series/Hermite scheme

requires approximately 1000 milliseconds to generate the same points (Refer-
ence 7)
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The interpolation coefficients Yl ' Y2 .... ' Y6 are determined by the following

relations

(Yl' Y2' Y3' Y4' YS' Y6 ) = (Xl' x2' x3' x4)A + g(_l' _2' _3' _4 )B (2-3)

where x stands for any position coordinate and _ is the corresponding velocity

coordinate, the subscripts refer to various grid points, and A and B are the

4 x 6 matrices

A

56 124 50 59 52 11

108 108 108 108 108 108

11 1 10 1 3 1

4 4 4 2 4 4

2 1 5 1 1 1

2 4 4

25 11 50 22 25 11

108 108 108 108 108 108

and

S

1 2 1 7 5 1

9 9 36 36 36 36

-1 7 2 1 -1 1

4 2 4

-1 0 7 1 3 1

4 4 4 4

1 1 1 1

9 18 18 36

1 1

18 36

When written out explicitly, these equations involve 32n multiplications and

41n additions, where n is the number of position-velocity pairs.
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2.2.2 Fourier Series Cartesian Coordinate Representation

In order to represent the Cartesian ephemeris data at the equispaced grid

points, a Fourier-power series is chosen of the form

N=3 M_5 .. j

i=o j=o
sin(iwt) + bij t j cos(iwt)]

(2-4)

The mean orbital frequency, w, is assumed to be the same for each Cartesian

coordinate. Such a representation is consistent with modeling the variation of

the Cartesian coordinates due to second and third degree zonal geopotential

effects and atmospheric drag. In practice, the series is used in the nested

form

I+ A7+ t A8+

+ IA13 + t

+ {A19 + t

+ IA24 + t

+ IA29 + t

+ IA33 + t

+' t (AI5

" t]IA25 + t (A26 + t(A27 + t_28 ) sin(wt) cos(w_)

A30+t(A31 +tA32)] } sin 3(wt)

;A34 + t(A35 + tA36 sin2(wt) cos(wt)

(2-5)

where X is any position or velocity component and t is the time relative to

the reference time for the span. This form is obtained by malting use of the

fact that trigonometric functions of multiple angles are simple polynomials
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in the functions of the fundamental angle. This computation requires 2 sines/

cosines, [(2N + 1) Mn + 2Nn + 2N - 21 multiplications, and [{2N + 1) Mn +

2Nn] additions, where N and M are the highest harmonic and the highest

power of t, respectively, and n is the number of position and velocity com-

ponents.

The coefficients A. are obtained by a least-squares fit of Equation (2-5) to the
i

accurate ephemeris file generated by numerical integration. The frequency w

is assumed known, either from a priori knowledge of the orbital period or by

spectral analysis (such as by the Maximum Entropy Method described in Ref-

erence 8) of the ephemeris file.

2.3 MODE OF ANALYSIS

In the current study, the following procedure was adopted to evaluate ephemeris

representations for S_ OBC applications.

1. Given precision ephemeris data at a specified grid spacing deter-

m/ne the coefficientsand residuals for a Fourier series Cartesian

coordinate representation. This determination was accomplished

using the SMM Ephemeris Representation (SMMER) program de-

veloped by CSC personnel. A flow diagram of SMMER is given in

Figure 2-1.

2. Study three possible representations for the Cartesian coordinates

at the grid points.

a. Fourier series with no residuals at grid points

b. Fourier series with position residuals at grid points

c. Fourier series with position and velocity residuals at grid

points
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OUTPUT

QUANTITIES
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Figure 2-1. SMM Ephemeris Representation Program (SMMER)
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o Using any one of the above representations compute the Cartesian

coordinates at the specified grid points. Interpolate on the coordi-

nates thus obtained using the Hermite four-point interpolation

scheme. Create an ORB1 file using the OBC software and compare

it with a previously created high precision ORB1 file using the

GTDS COMPARE program. Further, graphical plots are obtained

using the plotting option of the COMPARE routine. Appendix A

gives the technical details of the OBC software.
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SECTION 3 - COMPARISON OF EPHEMERIS

REPRESENTATION ACCURACIES

The accuracy of a SMM trajectory computed by the OBC algorithm was evaluated

by comparison at one minute intervals with a 3--dayhigh precision trajectory.

The results from these comparisons are presented below.

The four nominal SMM state vectors used for the above analysis are given in

Table 3-1. Itshould be noted that Case 2 will be more affected by atmospheric

drag than Case i, Case 3 willbe more affected by nonspherical gravitational

forces than Cases i or 2, and Case 4 is more circular than Case i. For

Cases I, 2, and 3, the mean orbital frequency (used in the Fourier series) was

computed using the numerical osculating-to-mean element conversion process

available in the Goddard Trajectory Determination System (GTDS). In Case 4

the mean orbital frequency was computed using the Maximum Entropy Method

(MEM) spectral analysis technique (Reference 8).

Several variations in this Cartesian representation algorithm were tested.

These are:

Two choices for the set of Fourier series coefficients:

- 36-set fall36-coefficients of the Fourier series given in

Equation (2-5)I

- 29-set lexcluding the 7-coefficients (A6, A12, A18, A23, A28,

A32, and A36)I

Two choices for grid point spacing:

- i0 minutes

- 16 minutes

3-1



Table 3-1. SMM Test Cases

PARAMETER CASE I CASE II CASE Ill CASE IV

EPOCH

SEMIMAJOR AXIS (kin)

ECCENTRICITY

INCLINATION (DEG)

LONGITUDE OF ASCENDING

NODE (DEG)

ARGUMENT OF PERIGEE

(DEG)

MEAN ANOMALY (DEG)

SPACECRAFT AREA (m 2)

SPACECRAFT MASS (kg)

SOLAR FLUX VALUE

DRAG COEFFICIENT

GRAVITY MODEL

MEAN ORBITAL

FREQUENCY (SEC -1 )

710930.0

6832.91

0.018

33.144

306.714

66.575

88.002

10

1000

150

2.0

8x8

710930.0

6832.91

0.018

33.144

306.714

66.575

88.002

17.3

735

175

2.5

8x8

710930.0

6832.91

0.018

33.144

306.714

66.575

88.002

17.3

735

175

2.5

15x15

0.0011177905 0.0011177905 0.00118344

710930.0

6933.74

0.001

33.0

270.0

90.0

0.0

17.3

735

175

2.5

15x15

0.001094782
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Three choices of grid point residuals

- No residuals

- Position and velocity residuals

- Only position residuals

Two choices for interpolation interval:

- Interpolate using an equal distribution(±0.5) of points to the

leftand right of the second grid point.

- Interpolate using a quarter three-quarter (±0.25, ±0.75) dis-

tributionof data points to the leftand right of the second grid

point.

These choices were based on results presented in References 1, 2, and 3.

3.1 COMPARISON OF FOURIER SERIES WITH AND WITHOUT GRID POINT

RESIDUALS

For thisanalysis comparison of the trajectories from 29-terrn Fourier series

were made every minute over a 71-hour duration with a high precision trajec-

tory. The nominal state vector is Case i in Table 3-i. The reference solu-

tion included the effects of a nonspherical geopotential field,Sun, Moon, and

atmospheric drag. The interpolation interval was (-0.25, +0.75) from the

second grid point and the grid-point spacing was 16 minutes.

3.1.1 No Residuals

The firstentry of Table 3-2 contains the error statisticsfor this case. The

rms position errors are 0.139 kilometers for the radial component, 0.127 kilo-

meters for the cross-track component, and 0.472 kilometers for the along-track

component. The rms errors in velocity are 0.665 x 10-3 kilometers/second in

the radial, 0.135 x 10-3 in the cross-track, and 0.43 x 10-3 kilometers/second

in the along-track components. The minimum and maximum position differences

are 0.376 x 10-4 and 0.486 kilometers, 0.227 x 10-3 and 0.345 kilometers, and
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0.453 × 104 and 1. 299 kilometers, respectively, for the radial, cross-track,

and along-track components.

3.1.2 Position Residuals

The rms position errors in this case are 0.117 kilometers for the radial,

0.021 kilometers for the cross-track, and 0.100 kilometer for the along-track

components. The velocity rms errors are 0.575 x 10-3 kilometers/second

-3
for the radial, 0.108 x 10 kilometers/second for the cross-track, and

0.452 x 10-3 kilometers/second for the along-track components. The mini-

-5
mum and maximum position differences are 0.2 x 10 and 0.513 kilometers

-8
for the radial, 0.658 x 10 and 0.116 kilometers for the cross-track, and

0.877 x 10-8 and 0.379 kilometers for the along-track components.

3.1.3 All Residuals

-3
The rms position errors are found to be 0.100 kilometers, 0.569 × I0 kilo-

meters, 0.083 kilometers for the radial, cross-track, and along-track corn-

-3
ponents. The rrns velocity errors are found to be 0.454 x 10 kilometers/

-5
second for the radial, 0.264 x i0 kilometers/second for the cross-track,

-3
and 0.413 x i0 kilometers/second for the along-track components. The rain-

-5
imum and maximum position differences are 0.2 x 10 and 0.298 kilometers

for the radial, 0.341 x 10-8 and 0.314 x 10-2 kilometers for the cross-track,

-8
0.874 X 10 and 0.208 kilometers for the along-track components.

The plots showing the differences between the high-precision and the SMM-OBC

interpolated trajectories using a 29-term Fourier series are presented in Fig-

ures 3-1 through 3-6 for the case of no residuals, Figures 3-7 through 3-12 for

the case of position residuals, and Figures 3-13 through 3-18 for the case of

position and velocity residuals. In eases for which residuals are used, the

OBC ephemeris errors arise from local interpolation error and therefore do

not demonstrate any secular or long-period behavior. In cases for which

residuals are not used, the OBC ephemeris errors arise primarily from effects
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Figure 3-17. Errors in the Representation of the Cross-Track Compo-
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not absorbed by the Fourier series. For example, examination of the long-track

position error growth indicates that there is an effectwith a period of 1 day and

amplitude of 0.5 km which is not modeled in the Fourier series. This effect

probably arises from the C21 and $21 terms in the geopotential model.

3.2 COMPARISON OF 29- AND 36- TERM FOURIER SERIES

The state vector and reference trajectory are the same as those used in Sec-

tion 3.i; however, the Fourier series is constructed of 36 coefficients. The

results are discussed below. The interpolation scheme follows a (0.25, + 0.75)

span on either side of the second grid point. The grid points are 16-minutes

apart.

3.2. i No Residuals

For the case of no grid-point residuals, the comparison statisticsare pre-

sented in the fourth entry of Table 3-2. The rms position errors are 0.14 kilo-

meters for the radial, 0.123 kilometers for the cross-track, and 0.47 kilometers

for the along-track components. The velocity rms errors are 0.664 ×

-3 -3 -3
10 , . 129 × 10 , and. 430 × 10 for the radial, cross-track, and along-track

components respectively. The minimum and maximum position differences for
-4

the radial, cross-track, and along-track components are 0. 243 × 10 and

0.524 kilometers, 0.341 × 10 -4 and 0.332 kilometers, and 0. 865 × 10 -4 and

1. 307 kilometers respectively.

3.2.2 Position Residuals

The results using only position residuals are given in the fifth entry of Table 3-2.

The rms position errors are 0.116 kilometers for the radial component,

0.02 kilometers for the cross-track component, and 0.100 kilometers for the

along-track component. The rms velocity errors are 0. 574 x 10 -3 kilometers/

second, 0. 103 x 10 -3 kilometers/second and 0. 453 x 10 -3 kilometers/second,

for the radial, cross-track, and along-track components respectively. The

minimum and maximum position differences for the radial, cross-track, and
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along-track componentsare 0. 195 × 10-5 and 0. 525 kilometers, 0. 271 x

10 -8 and 0. 103 kilometers, and 0. 801 × 10 -8 and 0. 400 kilometers, respec-

tively.

3.2.3 All Residuals

The statistics, when both position and velocity residuals are used, are given

in the sixth entry of Table 3-2. The rms position errors are 0.100 kilometers

for the radial component, 0. 0005 kilometers for the cross-track component,

0.83 kilometers for the along-track components. The velocity rms errors are

0. 454 x 10 -3 kilometers/second, 0.264 x 10 -5 kilometers, and 0.413 x

-3
10 kilometers/second, for the radial, cross-track, and along-track compo-

nents respectively. The minimum and maximum position differences for the
-5

radial, cross-track, and along-track components are 0.195 x 10 and
-8 -2

0.298 kilometers, 0.271 x 10 and 0.313 × 10 kilometers, and 0.802 ×
-8

10 and 0. 208 kilometers, respectively.

For comparison with results obtained using a 29-term Fourier series, the

along-track position and radial velocity differences between the high-precis ion

and OBC interpolated trajectories using a 36-terrn Fourier series are given in

Figures 3-19 through 3-24 for representative time spans.

Comparison of the results obtained using a 29-term Fourier series with results

using a 36-term Fourier series indicates that the 29-term series is as accurate

over the 3-day span.

3.3 COMPARISON OF 10- AND 16- MINUTE INTERPOLATION GRID

SPACINGS

A 36-term Fourier series and (-0.25, + 0.75) interpolation interval was used

in thiscomparison. The nominal state vector is Case 1 in Table 3-1. Com-

parisons of trajectories were made every minute over a 71-hour duration, with

a high precision trajectory.
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The statisticsfrom thiscomparison are given in Table 3-2. Without residuals

the root-mean-square (rms) position errors are 0.096 kilometers for the ra-

dial (H) component, 0.123 kilometers for the cross-track (C) component, and

0.464 kilometers for the along-track (L) component. The rms velocity errors

are 0.487 x 10-3 kilometers/second, 0.129 x 10-3 kilometers/second and

-3
0.117 x i0 kilometers/second, respectively, for the radial, cross-track,

and along-track components. The minimum and maximum position differences

-4
for the radial, cross-track, and along-track components are 0.163 × i0 and

-4 -5
0.273 kilometers, 0.133 x i0 and 0.336 kilometers, and 0.663 x i0 and

I.265 kilometers, respectively.

The statistics of analysis with position residuals, and position and velocity

residuals are also presented in Table 3-2. Comparison with results obtained

using a 16-minute grid spacing indicates that the 16-minute spacing yields

nearly the same accuracy as the 10 minute spacing if grid point residuals are

not used. The improvement seen in the cases using residuals is an indication

of a somewhat smaller interpolation error in the case of a 10-minute grid

spacing. For comparison with previous results, the along-track position and

radial velocity errors obtained using a 10-minute grid spacing are plotted in

Figures 3-25 through 3-30 for representative spans.

3.4 EFFECT OF CHANGING INTERPOLATION INTERVAL

A 29-term Fourier series and a 71-hour comparison span were used in this

study. The state vectors are the same as in the earlier analysis. However,

the interpolation scheme follows a i 0.5 span on either side of the second grid

point. The results are discussed below, and are presented in Table 3-2.

Without residuals the rms position errors are found to be 0. 187 kilometers,

0.127 kilometers, 0. 491 kilometers for the radial, cross-track, and along-

track components, respectively. The rms velocity errors are 0. 825 ×
-2

10 kilometers/second for the radial component, 0. 135 x 10 -3 kilometers/

3-80
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-3
secondfor the cross-track component, and 0.679 × 10 kilometers/second

for the along-track component. The minimum andmaximum position differ-
-5 -3

ences are 0.496 × 10 and 0. 785 kilometers for the radial, 0.227 x 10 and
-4

0.345 kilometers for the cross-track, and 0.453 x 10 and 1.891kilometers

for the along-track components.

For completeness the statistics for analysis involving position, and position

and velocity residuals are also given in Table 3-2. Comparison with results

obtained using an interpolation interval of (-0.25, +0.75) indicates that the

latter produces more accurate interpolation results in all cases.

The plots showing the along-track position differences between the high-

precision and the SMM-OBC interpolated trajectories using the ±. 5 interpola-

tion interval are presented in Figure 3-31 through 3-36.

3-87



;1_ oOO

dloo °OQ

4810 .OO

3_o0.0o

'|il086

0,o

-110.00

°306o0a

0410.00

-6114,._

-'1$0._

POS|11014 DIFF|WEN_g J.*[_L IT_ _MP 10101610
1. ......... ° ......... • ......... * ......... * ......... * ......... ° ......... * ......... • .... "_.... * ......... ,I

i

I

all ..... I

I •

Itloel I

16• 6o'o
le .
0
o

: o . :" . .
• lllma
| ....... • ......

1 '

1 ..... ' % ;1% : ......
- ............... +11-

4111
........ +'I++- II--,_ ..............

_ Ib IIIIIJ

! I

I o
| •
I I I
I

S

I !

Q,Q 111.4141 3o,o0 41.o& 16.00 7|.o0 go.oo 101.o41 lto.oo t ]8.00 too.oo

1lb. r.w+l vv_.,_. _h_,,l_:,. IN Nil*
"/I GIJN • ....

I
I

|
1
I"

_ -
I
!
I

8
| --
!

1

i-
i
I
!

.__| .....

|
I

.| ....

1

| _50.00

8000*O0

lIO log

*'OO .O0

I
I

1•0 *00 •

I
!

o.o _
I
i
L

ZSO gO •- o

1

i

*1'tO oUO ,
I

I
I

!

1
- I 810 .GO

IOSlI.O0

i.° ........ o ......... , ......... . ......... . ......... , ......... ° ......... ° ...... . ....

I "• _, ....

! el* I

i °'°°"+ "° "_°.... I

• [I llellll - " •
l•+_+ 6 ° • •1111 i

111111 ........ _ a .... •to __• .................. I - -
• l I

o

• - - I

_ _ iii
I

.................. _ ...... ' .................. t I + I

• 1
....... 4 |

..... i

I
!
!

I
|

I

I

2"_2 22. "-; 2._.. !
]+llO*OO 11+111.4111 I140. Cl_ J ILfill °Oil I170*00 l Idlql*QO 'l+ii114) * 410 111_I, *Og l &30*QO |9411.00

Figure 3-31. Errors in the Representation of the Along-Track Compo-

nent of Position Using a 29-Term Fourier Series with a

10-Minute Grid Spacing and a (-. 5, +. 5_ Interpolation

Interval

3-88



i.J@

,,,., VILOC|Ty Ilil'f|lllllll_ll

I

I-o

t t

t
t

|
...... l ..

l
I

.e _ -
I

+ !
I, I

i

!

1
a.OO .

J

7 ,!
• I.ooi.

I

_. + 0.143 .

o.oo . _ , _, _ -- _ •
.. , , _,_,, *+ ,," ............... _ ; ....

, +.,,.. : -. . _: .......... :,, , , : ,- , + .:. !

;: • .. _, ............... , --

, l
s 21_ , Io .....

i .......... |

_ ..................................... ;
° .

, • ;
i ............

• I0 I. o .

• .... . .... . ........ . |.... ..... , ......... ,........ , ........ , •......
0.0 111,4141 341,@I) 4111lid 411.41@ "1tl.041, I11,41@ IIINIM lie O41 I.Iil 411 IIIII lle

• " ' " " ...... -- " " ...... " - __+ t

Iii*+. P,.41.47|_TW_UI' _N_ IN ml_

,,''' VlI.I}Cl_II lll@lllllllli(.g llSt.Ll, lll[ I_N'P III3IOIIIII
Io......... . ......... ,......... t......... '......... I......... ,......... +° ........ t....... I"_'''_''', I

1.10 °

I ,
I i
| I

31,IiO .
, i
!

I
8,11o o t .... 4 ......

I I
I I

o.Io ; .,. . + ...... ;

| !

! t I
I !
| - . I

o,,l_ •

!

- . 4P

I + 4P
I

-o._ ; • +-+ ---- -- ' --
I :°,, ,%, • . , i
, • *+ ,,,. . .. .,... +_,. * +

I ,I, . .,i, .................... • ............... I - +-

+ *,,., .," .................. , ,.
° • • tt v' I" " '11'

l " " " "' '+" " "+° .... l " "
4P@ , i

I • ......... , ......... .'''' ..... • ......... • .......... • ......... • .... - .... .- ...... -- i---------.- .... ----, I

1o141.00 1110,,o0 1111.@41 ll41l.llO I!.i1.@1) IITO.4I@.. IIH.411 IlOO.M nll lr,.4le+ I It,l_,toe_ - _iJIt,tt,8.oo _ _

114_ +'m_.lA _Ittl'tp'rl llllllll_*_ I_ M|I_
.TlO_31e . O . .

Figure 3-32. Errors in the Representation of the Radial Component

of Velocity Using a 29-Term Fourier Series with a

16-Minute Grid Spacing and a (-. 5, +. 5) Interpola-
tion Interval

3-89



TO0*OO

SbO•40

e_O•04

aOOIO@

144.00

O. 0

*t_4•O0

*aVl*O0

-4.0.00

°.6Oleo

lee44• la,,lSilrSl.le £IPPalIIIlbCl sAlrlLkllr8 .IIINP |Q341|0_..... ..... ..°°°. .... • ......... ..... .... . •°......... ......... . ....... °... °°.....g ........ • ........ .

i ........ i ....
I !

I I
I

• i
I '. I
i • I

I . ..................................... {
l I
I 6 6o • I

_. • .
" '" I_el 4 40 lP • 4

lo eee • e4 Ii I
4lllp eel, • • Q • IO-I ..................

I • • t I
I • I

• • •..... 4 o. " II
I I

l ° i
I • I

l i

. . [
I I
I I
• l

l t I
I ,. I

",._...--.,.........,...,...............,.........,...--..--,---------,---------,---------,-------,,
4_._I ll.ll ll.ll 41•41 ll.ll Tl.ll 14. Ol I ll.Ol lllell I_II.H ll0.ll

Ill fill VVtlIE l-l,elPPl_ llS 14184llllll

io•ooo PU;I finn UIPPI_II_I Iilll.l. IT! IIIIP IOllll_

I II
i l

i

,,O.lO i i
,1
8 I

_o.oo i ...... _ ..
I " I

ooo.,o _ "0 .he |
• !

• . ..... :
i ••6e e_o " - "'lee 0• •04 oeoeo II

0.o I " :': :'".
l • : . • ".. : I

-10I. _)i; , • • • •

: • :.• .... .
-3_0. JO . • •L

! • I
1 I

• ,,-4•0040 I " " "

I " I
1 I

' I| • .,

................................................................:.........................:.:'l

TOll IS•Gll vV•iOO _'lqlll I_ lellq
fl01 $I 0

Figure 3-33• Errors in the Representation of the Along-Track Compo-

nent of Position Using a 29-Term Fourier Series with

Position ResidualST a 16-Minute Grid Spacing, and a

(-. 5, +. 5) Interpolation Interval

3-90



+I

I.

t'
I'
Ir

I[
14

$

II

!

I
• *JO •

1
l*IC •

I *JO

0,110

O, O0

-0. I10

-l.OO

-hlO

• 1. O0

-Z. liO

***** _.I.U(.I II ClfP&t£_ $&TV..I.LITE liIP IlltllO
i I

2._0 *

t ° | !

&

I
* • **

! !

I
1 I
J I

,, ,'* , , ;
I I,t I
I • ell * • (* I

, *****, , ,,* "_ * * I
1 * • tlo I

It • * •
I

I t* * l
| * t • to_

I .. o - . 1
* !

• ;

I !

+

! :
!

i ;, I
I

Ooil Ib * e¢ lib 011 4| * QII liO,O0 lleee q)o,l)o II2,Oe lie. I0 Ill • ill Illl . Og

fll_ Plait _Vll_Oo i._ml|j Ib NIN
,1¢_31 •

SlllLLlll Inll I Illlltl
**e** vkLOCI IV UIPPINIeNCI

,.,o ." ............... 7 ...................... :"'"'" "''''--'7--''''''-''''-'''-''-''-'--''-''''''" -
I I

1 I

I I

I • ........ I
I ................................ " |" "-

i * "l
lieu ; I ti .. l I

I • t - . it I •

• I

' i
O1111_ _ 4illl •. ..': - I

• tttt • •

• t e t ...............................
0.,10 . • .......... +'i i+l+

l " " :,, ." ..,:' _ . ,:re • i

, "o., • • ": • -
I • I

I • , %* "" ................ '
• I

-,.oo ; I
i

I
* I *110 • .- l

I
I I

-_*O0 •

: I

dl l:_ii$.00 lllOleOll 111.410 elio++ol lll.Ol 11'11.00 sis+ +I0 qlOil°lll 911 el 1,111 1141 Ill el

11'11111 PlIGII VIii IPI_ I'O*iml_ Ib ilm
I115:11

Figure 3-34. Errors in the Representation of the Radial Component of

Velocity Using a 29-Term Fourier Series with Position

Residuals, a 16-1VIinute Grid Spacing, and a (-. 5, ÷. 5)

Interpolation Interval

3-91

"_;'_+:+ .+':..i_` :7 • _+.+" • ::- _ " .



"1

i(

rr I 4').)c

TT, -I•n._¢

°,w_,j. )G

°'Ju.) o I_

.1¢_. :C

t. ......... , ......... * .... _ ° ........ , ......... ° ......... o ......... • ......... , ......... • ......... • I

* $I
I !

i
t l

f f
I I

!i I

•
t *

• f

t f

I es• •

f e I. 8 +eel !

*e * • e**o_* °

t • !

!

t !

i . . i
! f

t

eeeee IIM$ITICN OlrJe_=FN_E S+kr'_'LL!t _ 5Mltll !C_li"l_

! .--. .......... . ....... ..., ......... . ........ . ......... o ........ . ......... o !

l+.C* )e *• ........ • ........ . ......

I
I
I I

: '""" f f
_, q15.)@ °i i
,, I I
• ! I

°
_C I t I

, ,_.,o ; ° ." i
[ I ,. : :'.. : I

e e • *_._ , ...:. : "..1 ,

t • • • I

o
el ! • • •e • I

1 lie I
•4 I • • • t

• I !

l •' I !
• II.)o 1¢ I

! • !

1 l
-*fill ° )C . II

I

!

,]:.................................................................. _ ........ . ......... . ....... . ..|1¢'_ ,_,1 IltO_*_ l iZ_5:_" 0 I I•'_ :" 'i l l _i. _ :'i 8 l_,+l** liI _'?+. _. • l_ IS• Oili li3_+ ;_ Slain.n"

Figure 3-35. Errors in the Representation of the Along-Track Compo-

nent of Position Using a 29-Term Fourier Series with

Position and Velocity Residuals, a 16-Minute Grid

Spacing, and a (-. 5, +. 5) Interpolation Interval

3-92



Co5¢

*1.1C

-Z * _r.

-a, 'J¢

*o*** V=t 3CITY .rllfFr_r|d'.-- $&F_LLfTP _MmP Ipl*_l_'_
!. ........ . ......... , ........ . ......... • ......... • ......... * ......... • ......... • ......... • ......... • I

I
! !

i, :" i
l *, I
I; " " • **" {

; • ° ;
! * I

* • • |

I* * _ I

I 1+ * • • • + I

; "" , • • . |

; ;
I !

: I
i

I

: i
I

I I

¢,_ I ._, £.n 3_*rfl 4%,_) _),_0 "_•OU *.(1 ,.)_ I1_*0" | _II• "10 12_1, *. * IIS', _. _

fIMII P.'lnl* Y'l_ISlOl_ " IN Mill

***** _'el,,OCl_'V +ltrF+_( t ¢4t.ILI. ITP SMIIp I¢.1+1_0
I, ......... • ......... , .......... , ........ , ......... • ......... • .......... , ........ • ........ , ......... *1

! * I

i._ _ . , *
I I

_.,+o ; • • ;

I I
! • I

, ;
I +, l
! !

.... [ ' ' " i
, :. .:. ,

*q.*c ; .•. • ',,"

! * !
I, 1

-h2_ •, ;
I

I I

-'.+_ ;
!

I

I¢15_*C¢ lllfl.'_ I I @,.%0 n 114_*_ n I I S'_,'?_ I l)'a *30 I l"q II •+) ,_ 12,'01 B _ llll. O0 I_HP* _Q I _4,11.. e*,_

YlMP F"_ V_ILI'.I "INlllmS$ I*_ ',IIl'l

*1 ")_J*) U

Figure 3-36. Errors in the Representation of the Radial Component of

Velocity Using a 29-Term Fourier Series with Position

and Velocity Residuals, a 16-Minute Grid Spacing, and

a (-. 5, +. 5) Interpolation Interval

3-93

_:+,_i+++.., .+ _"_ ._ ' i . +_ . .... . - .- :_: ' _ _



SECTION 4 - INFLUENCE OF DRAG, GRAVITY,

AND ORBITAL ECCENTRICITY

In Section 3 the accuracy of several variations in the OBC interpolation method

were discussed. Specifically, the effect of a number of terms in the Fourier

series, the grid interval, and the interpolation range were studied. In the

present section, the influence of atmospheric drag, changes in gravity model,

orbital eccentricity, and mean orbital frequency are studied.

4.1 EFFECT OF INCREASED ATMOSPHERIC DRAG

In this study the same state vector is used as in the studies discussed in Sec-

tion 3, but with a differentcross-sectional area and mass (see Case 2,

Table 3-1). A smaller spacecraft weight (735 kilograms) and a greater surface

area (17.3 meters 2) are used with an increased drag coefficient(2.5). The

results of this analysis are discussed below. The interpolation interval is

(-0.25, +0.75) with respect to the second grid point, the grid spacing is

16-minutes, and the Fourier series consists of 29 terms. The results are

summarized in Table 4-1.

4. i.1 No Residuals

The position rms errors in this case are 0.14 kilometers for the radial,

0.135 kilometers for the cross-track, and 0.473 kilometers for the along-

track components. The rms velocity errors are 0.667 x 10-3 kilometers/

second, 0.144 × 10-3 kilometers/second, and 0.431 x 10-3 kilometers/second,

respectively, for the radial, cross-track, and along-track components. The

minimum and maximum position differences are 0.309 x 10-4 and 0.519 kilo-

meters for the radial component, 0.924 x 10-5 and 0.393 kilometers for the

cross-track component, and 0.159 x 10-3 and i.32 kilometers for the along-

track component.

4--1
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4.1.2 Position Residuals

When only position residuals are available, the rms position errors are

0.117 kilometers for the radial component, 0. 023 kilometers for the cross-

track component, and 0. 100 kilometers for the along-track component. The
-3 -3

rms velocity errors are 0.576 x 10 kilometers/second, 0.116 x 10 kilo-

meters/second, and 0.453 x 10 -3 kilometers/second, respectively, for the

radial, cross-track, and along-track components. The minimum and maxi-
-6

mum position differences are 0.535 x 10 and 0.512 kilometers for the radial
-9

component, 0.797 x 10 and 0.115 kilometers for the cross-track component,
-8

and 0.422 x 10 and 0.396 kilometers for the along-track components.

4.1.3 Position and Velocity Residuals

When information on both position and velocity residuals is available, the rms

position errors are 0.100 kilometers for the radial, 0.567 _ 10 -3 kilometers

for the cross-track, and 0.83 kilometers for the along-track components. The

rms velocity errors are 0.453 x 10 -3 kilometers/second, 0.262 x 10 -5 kilo-

meters/second, and 0.411 x 10 -3 kilometers/second, respectively, for the

radial, cross-track, and along-track components. The minimum and maximum
-5 -9

position differences are 0.109 x 10 and 0.297 kilometers, 0.768 x 10 and

0.322 x 10 -2 kilometers, and 0.422 x 10 -8 and 0.208 kilometers, respectively,

for the radial, cross-track, and along-track components.

The plots showing the along-track position and radial velocity differences

between the high-precision and the SMM-OBC interpolated trajectories are

presented in Figures 4-1 through 4-6. Comparison with results obtained using

Case 1 indicates that the increased drag does not degrade the accuracy of the

representations. The results of this analysis are summarized in Table 4-1.

4.2 EFFECT OF INCREASED GRAVITY MODEL

In this comparison the state vectors and state parameters are the same as

those discussed in the preceding section. However, the force field is a

4-3
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15 x 15 nonspherical geopotential field. The results of the investigation are

discussed below. The complete result is presented in Table 4-1. The orbital

frequency in this case was 0.1118344 x 10-2 radians per day. The state vectors

and other parameters are those shown under Case 3 in Table 3-1. A 29-term

Fourier series is usedwith a 16-minute grid spacing and a (-0.25, +0.75) inter-

polation interval.

4.2.1 No Residuals

When no position or velocity residuals are used, the rms position errors are

found to be 0.143 kilometers for the radial component, 0.131 kilometers for

the cross-track, and 0.493 kilometers for the along-track components. The

rms velocity errors are 0.682 × 10-3 kilometers/second, 0.138 x 10-3

kilometers/second, and 0.431 x 10-3 kilometers/second for the radial, cross-

track, and along-track components. The minimum and maximum position

differences are 0.538 x 10 -4 and 0.518 kilometers, 0.469 × 10 -4 and 0.365

-3
kilometers, and 0. 105 x 10 and 1.46 kilometers, respectively, for the radial,

cross-track and along-track components.

4.2.2 Position Residuals

When only position residuals are used, the rms position errors are seen to be

0.118 kilometers for the radial component, 0. 021 kilometers for the cross-

track component, and 0.101 kilometers for the along-track component, while

the velocity rms errors are 0.585 x 10 -3 kilometers/second, 0.11 x 10 -3

kilometers/second, and, 0.456 x 10 -3 kilometers/second, respectively, for

the radial, cross-track, and along-track components. The minimum and
-5

maximum position differences are 0.13 x 10 and 0. 553 kilometers, 0.172 x
-7 -8

10 and 0.1 kilometer, and, 0. 186 x 10 and 0.413 kilometers, respectively,

for the radial, cross-track, and along-track components.

4-10



4.2.3 Position and Velocity Residuals

In this case when all the position and velocity residuals are used the rms posi-

tion errors are found to be 0.100 kilometers for the radial component,

0. 664 x 10 .3 kilometers for the cross-track component, and 0.083 kilometers

for the along-track component. The rms velocity errors are found to be

0.453 X 10 -3 kilometers/second for the radial, 0.333 x 10 .5 kilometers/second

-3
for the cross-track, and 0.412 X 10 kilometers/second for the along-track

-5
components. The minimum and maximum position differences are 0.13 x 10

and 0.298 kilometers, 0.173 )< 10 -7 and 0.355 )( 10 -2, and, 0.187 × 10 -8 and

0.209 kilometers for the radial, cross-track, and along-track components,

respectively.

Comparison of these results with those discussed previously indicates that

increased gravitational effects do not degrade the accuracy of the respresentation

algorithms. The along-track position and radial velocity differences in the

high-precision and the SMM-OBC interpolated trajectories are given in Fig-

ures 4-7 through 4-12 for representative time spans.

4.3 EFFECT OF ORBITAL ECCENTRICITY

The state vectors _ud state parameters are those under Case 4 presented in

Table 3-1. The force field is a 15 x 15 nonspherical geopotential field. The

mean orbital frequency was calculated to be 0. 0010947826 radians per second,

using the maximum entropy method (Reference 8). The results of this analysis

are discussed below, and may also be found in full in Table 4-1. A 29-term

Fourier series with 16-minute grid spacing and (-0.25, +0.75) interpolation

interval was used.

4.3.1 No Residuals

In this case, when position and velocity residuals are not used, the rms position

errors are found to be 0.106 kilometers for the radial component, 0.124 kilo-

meters for the cross-track component, and 0.45 kilometers for the along-track

4-11
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-3
component. The rms velocity errors are 0.504 × 10 kilometers/second for

the radial, 0.124 x 10 -3 kilometers/second for the cross-track, and 0.169 X 10 -3

kilometers/second for the along-track components. The minimum and maximum

position errors are 0.632 x 10 -5 and 0.327 kilometers, 0.279 x 10 -5 and

0.298 kilometers, and 0. 626 X 10 -4 and 1.36 kilometers, respectively, for the

radial, cross-track and along-track components.

4.3.2 Position Residuals

When position residuals are used, the rms position errors are found to be

0.074 kilometers for the radial component, 0. 019 kilometers for the cross-

track component, and 0.056 kilometers for the along-track component. The

velocity rms errors are found to be 0.392 xl0 "3 kilometers/second for the

-3
radial component, 0.1 X 10 kilometers/second for the cross-track component,

and 0.22 X 10 -3 kilometers/second for the along-track component. The mini-

mum and maximum position differences are 0. 174 X 10 -5 and 0.367 kilometers,

0.154 x 10 -7 and 0.092 kilometers, and, 0. 149 X 10 -5 and 0.274 kilometers,

respectively, for the radial, cross-track, and along-track components.

4.3.3 Position and Velocity Residuals

When both position and velocity residuals are used, the rms position errors

are found to be 0.048 kilometers, 0.544 x 10 -3 kilometers, and 0.022 kilo-

meters, respectively, for the radial, cross-track, and along-track components.

The rms velocity errors are 0.204 X 10 -3 kilometers/second, 0.25 x 10 -5

-3
kilometers/second, and 0.13 X 10 kilometers/second, for the radial, cross-

track, and along,track components, respectively. The minimum and maximum
-7 -2

position differences are 0.174 X 10 and 0.267 x 10 kilometers for the cross-
-5

track components, and 0.149 X 10 and 0.212 kilometers for the along-track

component.

The plots representing the differences in the high-precision and the SI_II_I-OBC

interpolated trajectories are given in Figures 4-13 through 4-18.
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Comparison with results presented previously indicates that the accuracy of

the ephemeris representation is not highly sensitive to changes in the orbital

parameters.

4.4 EFFECT OF VARYING MEAN ORBITAL FREQUENCY

In Section 4.3 SMM ephemeris representation accuracy is evaluated using new

state vectors and state parameters. In the present section the same state pa-

rameters are used (Case 4 in Table 3-1), except with a newly assigned mean

orbital frequency (0.001118344 radians/second). The results are presented in

Table 4-1.

4.4.1 No Residuals

When position or velocity residuals are not used, the rms position errors are

0.14 kilometers for the radial component, 0.129 kilometers for the cross-track

component, and 0.473 kilometers for the along-track component. The rms

velocity errors are 0.667 X 10 -3 kilometers/second, 0.135 X 10 -3 kilometers/

second, and 0.429 X 10 -3 kilometers/second, respectively, for the radial,

cross-track, and along-track components. The minimum and maximum position

differences are 0.447 x 10-5 and 0.509 kilometers, 0.364 x 10-4 and 0.375 kilo-

meters, and, 0.13 X 10-3 and 1.33 kilometers, respectively, for the radial,

cross-track, and along-track components.

4.4.2 Position Residuals

When only position residuals are used, the rms position errors are 0.117 kilo-

meters, 0.021 kilometers, and 0.100 kilometers, respectively, for the radial,

cross-track, and along-track components. The rms velocity errors are

0.575 x 10-3 kilometers/second for the radial component, 0.109 x 10-.3

kilometers/second for the cross-track component, and 0.452 x 10-3 kilometers/

second for the along-track component. The minimum and maximum position

differences are 0.196 x 10-5 and 0.519 kilometers, 0.813 X 10-7 and
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-8
O.ii kilometers, and, O.228 X I0 and O.392 kilometers for the radial, cross-

track and along-track components, respectively.

4.4.3 Position and Velocity Residuals

When both position and velocity residuals are used, the runs position errors are

0. 100 kilometers for the radial, 0.567 x 10 .3 kilometers for the cross-track,

and 0.083 kilometers for the along-track components. The veloci_ rms errors

are 0.453 x 10 .3 kilometers/second for the radial component, 0.262 x 10 .5

kilometers/second for the cross-track component, and 411 x 10 -S kilometers/

second for the along-track component. The minimum and maximum position

differences are 0.163 x 10 .5 and 0.297 kilometers, 0.347 _ 10 ..9 and 0.323 x

-2 -8
10 kilometers, and 0.228 _ 10 and 0.268 kilometers, for the radial, cross-

track, and along-track components, respectively.

Comparison with previously presented results indicates that the representation

accuracy is not highly sensitive to small changes in the mean orbital frequency.

The differences in the high-precision and the SMM-OBC interpolated trajectories

are nearly identical to those in Figures 4-1 through 4-12 and therefore are not

reproduced.
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SECTION 5 - EXAMINATION OF RESULTS

This section summarizes the results presented in previous sections, uses these

results to recommend an ephemeris representation for SMM, and indicates

areas for future study.

5.1 SUM_Y OF RESULTS

The following results were derived from the current evaluation:

• A Cartesian ephemeris representation which uses a Fourier series

with position and velocity residuals for grid points yields an rms

accuracy of 0.13 km over a 3-day SMM trajectory. Using a Fourier

series with position residuals at the grid points yields an rms

accuracy of 0.16 kin. A Fourier series representation for the grid

points yields an rms accuracy of 0.5 km.

• For representation of the major features of the SMM trajectory,

a 29-term Fourier series (N = 3, M = 4 in Equation (2-4)) is as

accurate as a 36-term Fourier series (N = 3, M = 5). Further, a

16-minute interpolation grid interval is nearly as accurate as a

10-minute grid interval in the case where grid point residuals are

not used, in addition to being faster in terms of computational time.

Further a (-0.25, +0.75) interpolation interval with respect to the

second grid point is superior to a (-0.5, +0.5) interpolation in-

terval in terms of the accuracy of the result.

• Keeping the above results in view, analysis was made (see Table 4-1)

of other factors (e. g., atmospheric drag, higher order gravity

field, orbital eccentricity, and mean orbital frequency) that might

affect SMM representation accuracies. The results of this analysis

indicate that the representation accuracy is not significantly degraded
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by increased drag, increased gravitational effects, small changes

in orbital parameters, or small errors in the mean orbital frequency.

5.2 CONCLUSIONS AND RECOMMENDATIONS

From results presented in Tables 3-2 and 4-1, it is evident that an onboard

interpolation using the present interpolation scheme with a Fourier series

representation for the grid points can produce the required ms accuracy of

2 kilometers. Uplinking position residuals will significantly increase the

accuracy (almost 10-fold). The addition of velocity residuals will further

improve the result. A comparison of uplink data set length and onboard com-

puter timing requirements is given in Table 5-1. In view of the cost and core

requirements, it is suggested that no residuals be uplinked.

5.3 AREAS FOR FURTHER INVESTIGATION

Examination of the graphs of the position error for the case when only a Fourier

series is used at the grid points indicates that the dominant error has a peri-

odicity of 1 day and an amplitude of about 0.5 kin. In Figure 6-1, a condensed

plot of the error in the x position component for Case 4 is presented. The

fact that the major residual error source (probably arising from the C21and

$21 geopotential effects) is not modeled in the Fourier series explains the

insensitivity of the representation accuracy to the factors mentioned above.

Improvement of the representation accuracy without the use of residuals will

require modeling this effect. Therefore the following approaches for future

improvement of ephemeris representation accuracy are recommended.

5.3.1 Cartesian Coordinate Representations

The Cartesian ephemeris components could be represented by a trigonometric

series based on the dominant perturbing frequencies. For low Earth satellites

such as SMM, these would include the spacecraft orbital frequency and its first

few harmonics and the Earth's rotational frequency to model nonspherical
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gravitational effects. For geosynchronous satellites such as TDRS, these would

include the spacecraft orbital frequency and its first few harmonics and the

lunar frequency.

Investigation of such a representation was not pursued for SMM because a

trigonometric series involving two primary frequencies would require the

additional computation in the OBC of 1 sine and 1 cosine which is prohibitively

expensive in the case of the NSSC-1. However, in such cases where the OBC

ephemeris computation budget is small, a polynomial approximation to the

longer frequency effects might yield a significant improvement in accuracy

without much additional OBC cost.

For medium to high eccentricity orbits, trigonometric series in terms of the

true anomaly should produce more compact representations than series in

terms of time (or equivalently mean anomaly).

In the current study an interpolation scheme was adopted to save computational

time in the OBC. In cases for which there is a less stringent budget for ephem-

eris representation, the trigonometric series could be directly evaluated at

each request time thereby considerably simplifying the required OBC logic.

5.3.2 Orbital Element Representations

The orbital elements could be represented by mean elements to account for

secular and long-period motion plus a Fourier or Chebyshev series representa-

tion for the short-period motion.
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APPENDIX A - ShiM ONBOARD COMPUTATION ALGORITHM

i i!'. •

The purpose of this appendix is to describe the recommended algorithm for

spacecraft ephemeris computation onboard the Solar Maximum Mission (SMM)

satellite, the first of a series of Multimission Modular Spacecraft (MMS) satel-

lites.

The selection was aimed at satisfying the SMM mission requirement. The se-

lection was based on the following assumptions: (1) a 2 kilometer root-mean-

squared position vector representation accuracy requirement during the normal

upload period (3 daysl, and (2) the need for inertial Cartesian coordinates (i. e.,

position and velocity components) only, at a moderately frequent interval in the

range of several tens of seconds.

The selected algorithm uses a Cartesian coordinate representation with a

Fourier-power series data compression technique along with a four-point

Hermite interpolator (Reference 1) and is an extension of the Air Force Block

5D algorithm (Reference 7). Apart from data compression, the Fourier-power

representation also permits (with reduced accuracy) extrapolation beyond the

normal upload period. The approximate onboard computational time per inter-

polation, exclusive of overhead, is estimated to be about 20 milliseconds. In

addition, grid point computations, performed once per grid interval, cost about

120 milliseconds. The onboard core storage requirement for a 3-day upload is

estimated to be about 350 single precision words.

The ground upload data set will consist of: (1) a reference time indicating the

start time of the ephemeris file (tR), (2) a grid interval (g), (3) the grid inter-

val inverse (g-l), (4) a mean orbital frequency (w), and (5) six sets of

29 Fourier-power coefficients (one set each for x, y, z, _, #, and _, file set

consisting of the coefficients A 1 through A 5, A 7 through All, A13 through A17,

A19 through A22, A24 through A27, A29 through A31, and A33 through A35, in

Equation 2-5, all in double-precision words on the OBC.
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A block diagram of the OBC orbit representation program is given in Fig-

ure A-1. The revised requirement specification for the SMM OBC algorithm

follows.
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REQUIREMENT SPECIFICATION

SMM OBC APPLICATIONS PROCESSOR: EPHEMERIS COMPUTATION

Title: Onboard Spacecraft Ephemeris Computation (EPHEMC)

Contributor: P. S. Desai P _i /)_._ _.-_-"

Reviewed by: A. C. Long L/_

Date: January 28, 1976, revised December 15, 1977

Function: This module computes the SMM spacecraft ephemeris (Cartesian

position and velocity components) at a requested time, using orbit uplink

data stored in memory.

Real-Time Inputs: The time at which the ephemeris information is desired, 1

t, and a logical flag IFIRST (which = .TRUE. at the first call after the or-

bit data base is changed using a recent uplink data set)

Data Base: The following data are used; all of these data must be uplinked

from the ground periodically (e. g., nominally once every 3 days) and they

must be stored in COMMON via a call to HEADER.

FORTRAN

Name Symbol Precision 2 Description

TREF tR ms

TFIRST tF 32 #s

Reference time (absolute S/C

clock time) in seconds

Time relative to t R of first time for
which Fourier coefficients az'e valid

TEND tE 32 /_s Relative time of last time for which

Fourier coefficients are valid

GRID _,_ 32 _s
-i -13 -i

GRIDIN _ 10 sec

Grid interval in seconds

Reciprocal of the grid interval

1Successive values of t must be in increasing order.

2Units are as follows: ms = millisecond, ps = microsecond, sec = second.
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FORTRAN
Name

OMEG

AB(29,6)

Symbol Precision

-13
w 10 rad/sec

A, B **

Real-Time Outputs:

Description

Mean orbital frequency

Fourier-power coefficients

Spacecraft Cartesian coordinates (x, y, z, _, Y, _-) at

the requested time (in kilometers and meters/second) and a logical flag

INTERP (which = .TRUE. for interpolated coordinates, =. FALSE. for

extrapolated coordinates. Also, an error flag or error return is indicated

when the request time is outside the specified span of applicability (i. e.,

from tR + t F to tR + tE).

Interface With Other Software Elements: None. EPHEMC, along with its

associated submodules HEADER, SERIES,t COEFFS, HERMIT, and

COMMON block EPHCOM, forms a self-contained module that can be used

by the EXECUTIVE without calling on any other applications modules.

Hardware and Sequencin_ Requirements: TBD. It may help to know that

each call to SERIES and COEFFS (occurring once every grid interval,

or about 16 minutes) costs about 120 milliseconds, while each call to

HERMIT (occurring every interpolation interval, or about I minute)

costs about 20 milliseconds.t _

*Units are as follows: rad = radians, sec = seconds.

**Precision is such as to yield 0.1 meters and 0.1 millimeters/second in_"

and _', respectively.

?This submodule calls the sin and cos functions.

t_These figures are based on a 200 _s DP multiplication time; this is •subject
to revision.
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Implementation Requirements:

Quantity

t R

t F

t E

g

g-1

W

A, B

Type

D

D

D

D

D

D

D

Expected

Range
of Values

0 - 1.6x107

(-3) - 0 x 105

I - 3x105

400 - 16,000 t

0.0625 - 2.5x10 -3

I - 1.2x10 -3

Variable, but well

within the DW

(double word) limit

after scaling

Units

sec

sec

sec

sec

sec-I

rad/sec

kin, m/sec

km/sec,

m/sec 2

km/sec 2,

m/sec 3

km/s ec3,

m/sec 4

km/s ec4 ,

m/sec 5

km/sec 5,

m/sec 6

Scaling**

Power Power

of 10 of 2

3 10

4 15

4 15

4 15

12 42

12 42

4 14

10 32

15 50

20 68

25 86

30 104

All operations should be in double precision.

**The powers of 10 and 2 given here do not necessarily correspond exactly with

one another. In actual OBC coding, the power of 2 will be used.

The suggested scaling allows for a millisecond time precision; in practice, a

16 millisecond precision is expected. This means that the 5th bit from the

right will change every 16 milliseconds.

tTypical values are 960 seconds (SMM).
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Al__orithm Description: The onboard ephemeris algorithm for SMM is

given below. Itconsists of a main routine (EPHEMC) and the four sub-

routines HEADER, SERIES, COEFFS, and HERMIT. Also, one

COMMON block is needed for communication among ephemeris modules;

this COMMON block is defined later. All variables and operations are

to be in double precision or simulated double precision on the OBC.

The design described here attempts to satisfy OBC constraints, such

as the 4K limit on each module and each COMMON block and the limit

of eight control statements. After coding, a final verificationmust be

made that the constraints are not exceeded.

i. EPHEMC: The input to the main routine EPHEMC is the request

time, t, and the output is the set of spacecraft coordinates (x,y, z,

x, y, z) at time t and an optional flag INTERP indicating interpo-

lated or extrapolated coordinates. It is assumed that successive

input time values will be in increasing sequence. In fact, in view

of the high grid point computational cost, this is also a recommended

method of using this ephemeris algorithm. The input times will be

constrained to vary from t R + t F (e.g., t R - 1.5x86,400) to t R + t E

(e. g., t R + 1.5x86, 400). Steps followed by the main routine are

as follows:

a. At the first call, t subroutine HEADER will be called. Next,

an internal variable t O will be set equal to -g + t F and the

flags ENDFIL, NEW, and INTERP will be set to. FALSE.,

• TRUE., and . TRUE., respectively. Then, in a-loop for

I = 1 to 4, the following operations will be performed:

(1) The switch IGRID will be set equal to I

(2) The quantity t O will be incremented by g

I"A variable IFIRST must be set by the calling routine before calling EPHEMC.
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Do

(3) The quantity tg(I) will be set equal to t o

(4) Subroutine SERIES will be called

The relative time for computation will be evaluated as follows:

t c = t - t R

.

co

d.

e.

fo

g.

If t is greater than t Ec

taken.

or less than t (1), an error e.,dt is
g

If t is less than t (2) + 3g/4, go to step (e). Otherwise,
c g

NEW is set equal to . TRUE. and the values tg(2-4) and

Xg(l-6, 2-4) are loaded into tg(1-3) and xg(1-6, 1-3), respec-

tively. The value t (4) is set equal to t (4) + g, IGRID is set
g g

equal to 4, and SERIES is called.

Go to step (c).

If NEW is equal to . FALSE., go to step (f); otherwise, set

NEW = . FALSE. and call subroutine COEFFS.

Call subroutine HERMIT.

The quantities x (1-3) and Vc(1-3), which are returned by sub-c

routine HERMIT via COMMON, are loaded into the output

variables x, y, z, _}, _, and _ and a return is taken.

HEADER: This routine will read the input ground update file, corn-
-1

pute g2'*and store t R, t E, T F, w, g, g ' g2' and the

174-Fourier-power coefficients, AB, in a COMMON block. The

satellite ID and other protocol information may also be read from

the header.

*Here, g2 = g,/1000.
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. SERIES: This subroutine evaluates the Fourier-power series using

coefficients stored in COMMON by subroutine HEADER. First, an

internal variable t is set equal to tg(IGRID). Next, S = sinwt and

C = cos wt are computed. Finally, the following computations are

carried out for the three position and three velocity coordinates.

+ S [s(A q (]3

o COEFFS: In this subroutine, the Hermitean coefficient matrix

Y(6,3) is filled using the grid point values Xg(6,4) as follows.

;IL
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For J = 1 to 3, the following computations are carried out:

_6, 1L 2S.

_" (z,3,4)]

1. 11.
Y(2,Y) : -z24._9(_.L.) .,- xgC:_,z)+ x,_(':L_) - -- xg(::L4)los'--':. T. _e.

2. _. 1. (_,3,4)]

• , _. 50,

= _ 22.

1.

J-2, I, 1.

In actual coding, preevaluated values of numerical factors such as

59./108. , etc., should be used in order to reduce onboard computa-

tions. Reciprocals of 2.0 and its powers may be treated as division.
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Thus, the last equation given above would appear as

- ..x._Cz,2)-x}(_,3)
°

.io (.%3,4_]+ -

HERMIT: This subroutine interpolates for position and velocity at

the request time tc , using the Hermitean coefficientmatrix, Y.

First, an internal variable p, representing the relative time ratio,

is computed as follows:

p = g-l(,c _ tg(2))

where g-1 has been stored in COMMON by subroutine HEADER.

Next, for I= 1 to 3, the position and velocity components are com-

puted as

x=(:)- _s(_,z)÷ p{cj_e,5,z) +p_FY(_,:)÷p(Yc2,z)

. p (v,_,_:) ,- p(Y(_,z) • p(Y(s,:_ ÷ p_'(6,z)))))]}

vecz_- _(z,3,z). _I'={p[zv(_,:)• pCs.v(z,z)+ p('+.vcs,z)

+ p Cs._(_,z)+-p(6.v¢_,z)• p.7v(6,z)))))].__ _o_

In order to save time at the expense of a slightlyincreased core size,

the quantities 3Y(2, 1-3), 5Y(4, 1-3), 6Y(5, 1-3), and 7Y(6,1-3) should

be stored in COMMON by subroutine COEFFS and simply accessed

when evaluating vc , above. (The units for xc and vc are kilometers

and meters/second, respectlvely.)
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o COMMON: A COMMON block /EPHCOM/ will be used for the fol-

lowing information:

Starting

Variable Type* Location

t R D R1

g D 2

g-1 D 3

w D 4

AB(29, 6) D 5

tg(4) D 221

Xg(6,4) D 225

t c D 249

Y(6, 3) D 250

Xc(3) D 268

Vc(3) D 271

g2 D 274

Y'Y(4, 3) D 275

t E D 276

t F D 277

IGRID I 11

ENDFIL L L1

NEW L 2

IFIRST L 3

Description

Reference time

Grid interval

Reciprocal of the grid interval

Orbital frequency

Fourier-power coefficients

Grid times

Grid Cartesian coordinates

Relative request time

Hermitean coefficient matrix

Computed position (km)

Computed velocity (m/sec)

Grid interval divided by 1000.

Values of 3Y(2, 1-3), 5Y(4, 1-3),

6Y(5, 1-3), and 7Y(6, 1-3)

Span of applicability--relative end
time

Relative time of first residual

Current grid point

"End-of-residual-file" indicator

"Coefficients required" indicator

Call indicator:

IFIRST = . TRUE., first call

IFIRST =. FALSE., subsequent calls

*D = double-precision on the OBC; = REAL*4 on the PDP or the IBM S/360.

I = integer on the OBC; = INTEGER*2 on the PDP or the IBM S/360.
L = LOGICAL on all machines.
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APPENDIX B - RECENT TRACKING AND DATA RELAY

SATELLITE _rDRS)RESULTS

In Reference 4 we have discussed several ephemeris representations for the

TDRSS-spacecraft. Both interpolation and extrapolation accuracies were eval-

uated by comparison with a high-precision ephemeris. Comparison of the trigo-

nometric (Fourier) series representation of the Cartesian variables using co-

effecients A1, A7, A8, A13 , A14 , A19 , and A24 in Equation (2-5)with a high

precision ephemeris obtained from the GTDS did not show significant differences

in the position and velocity errors using Fourier series coefficients determined

from high precision data spaced at 100- , and 150-minute intervals. Conse-

quently, it was recommended that a 150-minute data interval be used. In view

of the above results, we have attempted to compute Fourier series coefficients

using data spaced at 200-minute intervals. An updated table along with the

earlier results are given in Table B-1. For completeness the TDRSS state

vectors are also presented in Table B-2. The result shows that even a

200-minute (data) interval is acceptable in terms of accuracy needs and hence

can be used, further reducing the computational cost.
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Table B-2. State Vector for the TDRSS

Parameter

Epoch

Semimajor axis (kilometers)

Eccentricity

Inclination (degrees)

Longitude of ascending node (degrees)

Argument of perigee (degrees)

Mean anomaly (degrees)

Latitude (degrees)

Longitude (degrees)

Period (approximate) (minutes)

Spacecraft area (kilometers 2)

Spacecraft mass (kilograms)

Value

740228.

42163. 79344

0. 25304 x 10 -3

2.0

133. 63074

301. 633

351.633

1.8 South

91 West

1440.00

0.3x10 -4

1402.00
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